INTRODUCTION
Let ␥ be an irreducible germ of plane analytic curve at the origin with Ä 4 Ž . equation f s 0, f g ‫ރ‬ x, y . We will denote by J s f, Ѩ frѨ y, Ѩ frѨ x the Ž . jacobian ideal and by ⌫ the semigroup of ␥. Let ␥ be the Tjurina Ž . Ä 4 number of ␥ , that is, ␥ s dim ‫ރ‬ x, y rJ.
‫ރ‬
Assume that ␥ is generic among all irreducible germs with semigroup ⌫ Ž . in the sense that the coefficients of a Puiseux expansion of ␥ are generic . In this paper we give an algorithm that starting from the semigroup ⌫ Ž . computes the Tjurina number ␥ and allows us to determine a ‫-ރ‬basis of Ä 4 Ž . ‫ރ‬ x, y rJ. As ␥ is upper semicontinuous, we get the minimum Tjurina number among all germs having semigroup ⌫. Because two irreducible Ž . germs of analytic plane curve are equisingular or topologically equivalent if and only if they have the same semigroup, we get the minimum Tjurina number in the equisingularity class of ␥. We will denote it by . This is a min significant invariant because it gives the dimension of the generic compo-Ž nent of the moduli space of irreducible curves with fixed semigroup see w x. w x 10 . In 7 , Laudal and Pfister study the moduli space for plane curve ² : singularities with semigroup ⌫ s n, m and give formulas for the dimenw x sion of the generic component generalizing results of Zariski 12 and w x w x Delorme 4 . In 6 Greuel and Pfister give a stratification of this moduli space in such a way that all the strata are geometric quotients of quasi-af-Ž w x. fine subschemes see also 5 .
Precedent computations of Tjurina numbers of germs of plane curves w x w x can be found in 2, 8 . In 8 , Luengo and Pfister give a closed formula for Ž . ² : ␥ in case that ␥ has its semigroup generated by 2 p, 2 q, 2 pd . w x Briançon, Granger, and Maisonobe 2 give an algorithm that computes for equisingularity classes corresponding to semigroup with two genmin Ž . erators i.e., the case of a single characteristic exponent . Their algorithms also applied to some non-irreducible equisingularity classes. Our algorithm computes for any irreducible equisingularity class.
min w x We use a technique similar to that of 2 but using filtrations of w x complete ideals instead of escaliers. In 3 , Casas-Alvero introduces the notion of a flag of complete ideals and uses it to compute the integral Ž . Ä 4 closure and the codimension of a x, y -primary ideal on ‫ރ‬ x, y . In this paper we construct a flag of complete ideals adapted to the jacobian ideal, J, of a germ of plane analytic curve. Namely, we construct a sequence of complete ideals 
Ž .

0
If we denote by 2 ␦ the conductor of the semigroup ⌫ and by n the multiplicity at the origin of ␥ , the flag that we construct is such that Ž . codim H s ␦ q n y 1, hence computing ␥ is equivalent to compute 0 Ž .
Ž . ␣ J . In general, one cannot expect to determine ␣ J in terms of the Ž . Ž . semigroup, because ␥ , and hence ␣ J , depends on the analytical type of ␥ and not only on its equisingularity class, but in case that ␥ is generic we give an effective algorithm for the computation of the non-gaps for its jacobian ideal that only depends on the semigroup ⌫. Once non-gaps are computed, elements z g H _ H , for H a gap, together with a ‫-ރ‬basis i i i q 1 i Ä 4 of H rJ, which is easily determined, give a basis of ‫ރ‬ x, y rJ. In case of a single characteristic exponent our algorithm is equivalent w x but not equal to the algorithm of 2 .
An implementation of our algorithm in a Mathematica package has been written by J. Elias and the author. The package is available, on request, from the author.
The paper is organized as follows: In Section 1 we deal with auxiliary statements concerning the Puiseux expansion and the semigroup of a germ of plane curve. In Section 2 we construct a flag of complete ideals adapted to the jacobian ideal. In Section 3 we describe the algorithm. Sections 4, 5, and 6 are devoted to provide the tools needed in Section 7 to show that from the algorithm we get the non-gaps for the jacobian ideal. This allows Ä 4 us to give a ‫-ރ‬basis of ‫ރ‬ x, y rJ and the minimum Tjurina number for irreducible germs of plane curve with fixed semigroup.
It is a pleasure to express my gratitude to E. Casas-Alvero for his advice and encouragement during the preparation of this paper. I also thank J. Elias for programming the algorithm.
PRELIMINARIES AND NOTATIONS
Let S be a smooth analytic surface and fix a point O g S. We will denote by O O the complete local ring of S at O and by m its maximal ideal, Ä 4 thus O O , ‫ރ‬ x, y for any pair of generators x, y of m.
We call system of characteristic exponents any ordered set of positive n 0 s n. Notice that n i divides n iy1 , for i s 1, . . . , k, and n k s 1. We assume that the local coordinates x, y are chosen so that the y-axis is not tangent to ␥ and the x-axis has maximal contact with ␥ , so the Puiseux expansion of ␥ has the form
Recall that given g g ‫ރ‬ x, y , the intersection multiplicity of :
. In order to keep simpler O t Ž . Ž . notations, we denote this integer by ord g . By convention ord 0 s ϱ.
t t Ä 4 Ä 4 Ä 4 Thus, ord : ‫ރ‬ x, y ª ‫ޚ‬ j ϱ is a map whose image is ⌫ j ϱ , where we t denote by ⌫ the semigroup of ␥.
The next lemma will be useful in the sequel.
It is enough to prove the claim in case r s 2. Let i , i g I I M M , 1 2 Ž . s g‫ގ‬ be such that i q s g I I M M ; we have to check that i q s g
Ž p . to prove that s g n . On the other hand as i q s -m , i Ž .
Ž w Note that the polidromy order of is nrn . It is well known see 12,
x. w x II.3.9 that if we set ␥ и ␥ s m , theň
and n, m , . . . , m is a minimal set of generators of ⌫. From now on wě1 k ² : will denote by n, m , . . . , m the semigroup generated by n, m , . . . , m .ˇˇ1
Recall also that ␥ , 1 F i F k, has equation g s 0, where
j-m i w x Let us call g s x and ␥ : x s 0 the y-axis; then ␥ и ␥ s n.
We will denote by a the vector of coefficients a g ‫ރ‬ .
by the powers of t, i.e., 
and so
Moreover, for each term appearing in the above addition we can order the indexes j , . . . , j in such a way that they can be written as
and adding all them up, we get 
a set of monomials a 1 y t , . . . , a 1 y t , a t , . . . , Now we are going to prove some lemmas concerning the semigroup ⌫ that will be useful later.
Proof. We will use induction on i. For i s 0, n 0 s n and thus the claim
follows replacing ␣ by the Euclidean division of ␣ by n iy1 rn i and then i i using induction on i.
The claim is an easy consequence of 1.11 and 1, Lemma 5 . Ž .
y , be an equation of ␥ and J s f, Ѩ frѨ y, Ѩ frѨ x the jacobian ideal of ␥ . In this section we will construct a flag of complete w x ideals, in the sense of 3 , adapted to J, i.e., a sequence of complete ideals Ä 4 of ‫ރ‬ x, y ,
Proof. This follows from an easy computation.
The next result is straightforward and will be needed to define the flag of complete ideals adapted to J. 
wÄ 4 x Proof. The claim follows from Plucker's formula:
2.7 For every positive integer i, we denote by H the complete ideal
. From 2.4 b , 2.5 , and 2.6 it follows that, for big enough M,
is a flag of complete ideals adapted to J. So taking the traces of J, J s J l H , we get a sequence of embodied ideals
Using the same terminology of 3 , we say
Ž . that it is a non-gap. Let us call ␣ J the number of gaps for J with respect Ž . to the flag 2.7.1 . It is obviously related to the codimension of the ideal J by the formula.
Now the aim is to compute the gaps, or equivalently, the non-gaps for the jacobian ideal of the generic germ with fixed semigroup ⌫. Namely, we give an algorithm to compute the non-gaps from the semigroup ⌫ in case that the Puiseux series of ␥ has general coefficients. Since is upperw x X semicontinuous 10, Chap. III, 2.9.1 , we will have that for any germ ␥ w x Ž . Ž X . with semigroup ⌫, and hence equisingular to ␥ 11, 2.1 , ␥ G ␥ , so Ž . ␥ will be the minimum among all germs in the equisingularity class of ␥. wise there exists r g ‫,
Ž . which we describe using induction on the first component. At each step J we will have the set constructed in the previous step J y 1; let us call it ⍀ . Then, we will define finitely many, . We define the set ⍀ as
and we say that the ⌳ 's have been constructed at step J. To decide l whether the algorithm finishes at step J or not, we use the subset of ‫,ގ‬
The algorithm will finish at step J when second, and third components, respectively.
Description of the Algorithm. We go on with the precise description of the algorithm. It begins at step J s m y n. We define
Let us now assume that for J y 1 G m y n we have defined the set 1 ⍀ and the sets F X for m y n F J X F J y 1, and recall that ⌺ is
defined from ⍀ as
and the algorithm finishes at step 2 ␦.
From now on we will assume that the algorithm finishes at step N and we will write ⍀ for the set ⍀ .
Ny 1
Ž . Along the following sections we will prove that ⍀ q ⌫ is the set of 2 non-gaps for the jacobian ideal of a generic germ with fixed system of Ž . characteristic exponents, with respect to the flag of complete ideals 2.7.1 .
TECHNICAL RESULTS
This section is devoted to prove some technical auxiliary results needed in the next sections.
Ž . Ž . Let us denote by --the lexicographical reverse lexicographical 
claim follows.
Ž . Ž . algorithm begins at step m y n. On the other hand, as
Assume that the algo- . n , mthe claim is obviously satisfied. 1 Assume that the claim has been proved for any
Ä 4 rithm has not yet finished at step R. If there exists
Ž . tively.
In case i s i q n , p s q as noticed above, and so
Ž . the other hand as i -i and i g I I M M then i g n and, using again c ,
Since R s I q s I q , then , g n , and by 1.12 ,
So we can write and aš1 Suppose now that ␣ s 0; let us check that we can take ␣ X s 1. We
know from 1.11 that we can choose ␣ , 1 F j F q, with 0 F ␣ -n rn . hand, as ␣ s 0, then g n . So, from I q s I q it follows that q X Ž qy 1 . y i g n , and this implies
m n rn and we chose ␣ -n rn , necessarily ␣ s 1, as claimed.
with R s I q s I q . So, by 4.4.1 , J q s J q . Therefore, by Ž .
. As i -j and we are assuming i s m ,
and the claim follows.
NON-GAPS FOR THE JACOBIAN IDEAL OF A GENERIC GERM WITH FIXED SEMIGROUP
Let ␥ be an irreducible germ of analytic curve at O. We say that ␥ is generic if the Puiseux expansion of ␥ has general coefficients. The aim of Ž . this section is to prove Theorem 5.3, which will give that ⍀ q ⌫ is a 2 set of non-gaps for the jacobian ideal, J, of a generic germ with fixed system of characteristic exponents, with respect to the flag of complete Ž . ideals 2.7.1 . Namely, using induction on the first component of the elements of ⍀, we will construct for each ⌳ g ⍀ an element G g J with
The next lemma will be useful for the first step on the induction.
Ž . where t s Ý a t is a Puiseux series of ␥ and t s
Ѩx d tѨ y
and hence
Ѩx Ѩy from which the claim follows.
Next we will fix some notation that we will use along this section.
2 For a given ␤ s ␤ , . . . , ␤ g ‫ގ‬ we denote by z , the monomial
. . z in the polynomial ring ‫ރ‬ z , . . . , z , and by ␤ its degree, i.e., 1 l 1 l < < w x ␤ s␤ qиии q␤ . We order the monomials of ‫ރ‬ z , . . . , z by the in-
and z ␤ a monomial of degree m. We say that H has leading term kz ␤ if and only if H can be written as
Ž . From now on we will denote by ld H the leading term of H. Given w x Ž .
␤ ␣ H g ‫ރ‬ z , . . . , z with leading term ld H s kz , we will say that H $ z Recall that we denote by a the vector of coefficients a g ‫ރ‬ . 
Ž .
In order to construct G we choose ⌳ as 
L From 1.7 and 1.9 the nonzero Q have all the same degree which does r not depend on r and their leading terms can be written as
where Q is a nonzero monomial in the coefficients a , a , . . . , a . 
L Ž n Ž n .. We are going to describe more explicitly G g t , t and
we can apply the induction
hypothesis to both G and G and write
where
is an homogeneous polynomial in the coefficients a and its degree does 
is an homogeneous polynomial in the coefficients a , j F i .
Reasoning in the same way, but this time with
are homogeneous polynomials all of the same degree. In particular,
Ž 
. b h / 0 if and only if r y I q i g I I M M , and in this case
It is easily checked that terms h
Let us prove the converse. Assume that r y I q i g
only on the a , j F i q s, and is linear in a . Since all terms in Ž .
Ž . and, by the induction hypothesis and 1.7 , it depends only on a , j
and it is linear in a . Moreover, as by induction
which has the claimed form.
Ž .
c First of all we discuss the case M s y1. As we took G s Ž .
Ž . Ž .
Ž . We go on with the proof of Theorem 5.3 by defining
As ⌳ , ⌳ g ⍀ , then G , G satisfy the induction hypothesis and we
Ž . Notice that the term of degree J is cancelled, namely Ž .
Let us define the monomial A as
It is easily checked that A is a nonzero monomial depending only on the
straightforward to check that h h depends on a , j -r y I q i. As we
Ž . which has the claimed form. This concludes the proof of Theorem 5.3 .
Ž . 5.4 Remark. It is worth noticing that the proof of Theorem 5.3 gives a well-defined map
U and h / 0 if and only if r y ⌳ q ⌳ g I I M M . In particular,
Then G has the form
Ž . Ž q . Ž . Ž q . then ord g g n and ord g g n and g , g may be written as Ž . Ž . For the proof of 6.4 and 6.5 we will need a lower bound for
. other than the trivial ord hG y hG G ord hG q 1 . For this pur-
Ä 4 pose we will introduce the notion of a basic element in ‫ރ‬ x, y and we will Ž . prove some auxiliary lemmas concerning them that will be used in 6.4 Ž . and 6.5 .
Ž . Ä 4 6.1 DEFINITION. Let g g ‫ރ‬ x, y and q g ‫ގ‬ with q F k. We say that Ž . Ž .
there are a unique ␤ g ‫ރ‬ , basic , . . . , , and g ‫ރ‬ x, y with ord
Proof. The first part of the claim follows by using repeatedly 2.3 . The Ž . Ž . second part of the claim is straightforward from 1.7 and 4.5 .
Ž . Ž . Ž . Proof. This follows straightforwardly from 5.3 , 1.7 , and 4.5 by an easy computation. Ž . Ž . Ž . ⌬ -⌬ , ord hG s ord hG , and
Proof. First recall from Section 3 the definition of F , for the J step in J the algorithm:
X 5.4 , the corresponding G has the form
As it has been assumed ord hG y 2 ␦ q n y 1 s R, then, by 5.6 ,
One easily checks that R y R g n and since R y R g ⌫, there is a Ž .
X Ž . Ž . l-basic g such that ord g s R y R . Then, ord gg s ord h and, by
3 , we may also assume that such a g satisfies ord h y gg ) ord h .
Ž . Ž . Ž . On the other hand, ord h s R y ⌬ , ord g s R y R , and, by 6.4.2 ,
hscggиии
Since ord hG y hG ) ord hG s ord gg G , and we have shown,
except for gg G y cgg G , that all terms in the above equality have ord 
and it is easily checked that has the claimed form. 
Ž . where are basic, ord G G ord gG , ord ⌽ G 4␦ q n y 1, and
sR there is a basic z g ‫ރ‬ x, y such that ord hG s ord zG and
Ž . We will prove 6.5 together with Ž .
Ž . Ä 4 6.6 LEMMA. Let us fix R g ‫ގ‬ and i
with ord h G s R q 2␦ q n y 1 and
Ž . Proof of 6.5 and 6.6 . We will use induction on i g I I M M . For Ž . Ž . ism the claim of 6.5 becomes trivial because, by 4.2 , it is empty. We 1 Ž .
Ž . divide the proof of 6.5 and 6.6 in three steps.
Ž . Step 1. We assume that the claim of 6.5 is satisfied if ⌬ -i and 3 Ž . we prove that 6.6 is satisfied for i.
Ž . We will prove the claim of 6.6 using induction on j. As the first Ž . . n , m , mhave them as a third projection, we will begin the induction on 1 1 jsm . 1 We fix R a step in the algorithm and assume that ⌳ , ⌳ g ⌶ . Given 
It is easily checked that all terms in the above expression are under the Ž . conditions of the claim 6.6 .
Assume by induction that the claim has been proved for any finite
der to prove the claim we will distinguish two cases according to ⌳ s ⌳ Ž . Ž . 6.7 Let ⌬, ⌬ g ⌶ be such that ⌬ / ⌬ and ⌬ s ⌬ s i. As-R 3 3
X sume that ⌬, ⌬ g ⌶ for certain P with R y P g ⌫ and ⌬, ⌬ f ⌶ for P P X X Ä 4 any P with P y P g ⌫ _ 0 .
Ž . 
X X Ž . 
X X X X ord g G s ord g G s ⌬ q 2␦ q n y 1.
Ž . Ž . Ž . Ž . Ž . ord g s P y ⌬ and it is easily checked that ord gg s ord gg . 
X applies. We will assume M / M X .
Ž . Ž .
X
Call S s P y ⌬ q ⌬ . Let us check that ⌳ , ⌳ g ⌶ , that is,
Ž . Ž . Ž . Ž . ⌬ y ⌳ . Since ⌬ g ⌶ , that is, P y ⌬ g ⌫ and, by 6.7.2 , 
Ž . where the 's are basic, ord G G ord bG , ord ⌽ G 4␦ q n y d td⌳ t L t Ž . 1, and there is g ⌫ with q ord bG s S q 2 ␦ q n y 1. Let g s cw and g s cw. As w, w are p-basic, g, g are also p-basic. Hence, Ž . Ž . by 6.7.1 and 6.9.1 ,
